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Abstract. We announce a well-posedness result for the Laplace equation in 
weighted Sobolev spaces on polyhedral domains in R n with Dirichlet boundary 
conditions. The weight is the distance to the set of singular boundary points. 
We give a detailed sketch of the proof in three dimensions. 
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Introduction 

Let il C K™ be an open set. Consider the boundary value problem 



(1) 



Au = /, u\ dn = g, 



where A is the Laplace operator. For f2 smooth and bounded, this boundary value 
problem has a unique solution u S H s+2 (il) depending continuously on / S H s (£l) 
and g £ H s+3 / 2 (dn), s > -1. See the books of Evans [TTJ or Taylor g3] for a proof 
of this basic and well known result. 

It is also well known that this result does not extend to non-smooth domains 
il. A deep analysis of the difficulties that arise for dtt Lipschitz is contained in 
the papers of Babuska and Guo ^3], Bacu^a, Bramble, and Xu 0, Jerison and 
Kenig Kenig ^5], Mitrea and Taylor (221, Verchota (21], and others (see the 
references in the aforementioned papers). Results specific to polyhedral domains 
are contained in the papers of Costabel , Dauge IS] , Elschner [5] , Kondratiev 
[T7j , Mazya and Rossman [21] and others. Good references are also the monographs 

Q21 OEn!. 

In this paper, we consider the boundary value problem Q when f2 is a bounded 
polyhedron in R", and Poisson's equation Au = / is replaced by a strongly elliptic 
system. Let us denote by C>("~ 2 ) the set of points p 6 dfl such 90 is not smooth 
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in a neighborhood of p and by f] n —2(x) the distance from a point x £ to the set 
2) (- f n on-smooth boundary points of fl. 
We shall work in the weighted Sobolev spaces 

(2) ££(fi) = { U G e i 2 (r»), for all \a\ < »}, f i £ Z+, 

which we endow with the induced Hilbert space norm. We shall call these spaces the 
Babuska-Kondratiev spaces. A similar definition (i.e., using the same weight, see 
Definition|2| yields the Babuska-Kondratiev (or weighted Sobolev) spaces K.£(dSi), 
H £ Z + . The spaces /C*(9f2), s £ K+ are defined by interpolation. The Babuska- 
Kondratiev spaces are closely related to weighted Sobolev spaces on non-compact 
manifolds. See the works of Erkip and Schrohe ^U] and Grubb \T!^, f° r related 
results on boundary value problems on non-compact manifolds and, more generally, 
on the analysis on non-compact manifolds. Here is our main result for the Laplace 
equation on a polyhedral domain. 

Theorem 0.1. Let O C R™ be a bounded, polyhedral domain and ji £ Z + . Then 
there exists 77 > such that the boundary value problem Q has a unique solution 
u £ K.^l(Q) for any f £ JC^_l(fl), any g £ Kf^^^(dQ), and any \a\ < rj. This 
solution depends continuously on f and g. If fi — 0, this solutions is the solution 
of the associated variational problem. 

The proof can be carried out, without much change, to yield the same result for 
strongly elliptic, strictly positive systems on curvilinear polyhedral domains. The 
complications are mostly of topological nature, so we shall discuss this result in 
The analytic part of the proof is however the same both for polyhedral domains 
and for curvilinear polyhedral domains, therefore the reader interested mostly in 
analysis will benefit from the simplified account included in this paper. 

We now describe the contents of the sections of the paper in more detail. The first 
section introduces the weighted Sobolev spaces (also called the Babuska-Kondratiev 
spaces) that appear in our main result, Theorem lO.il The second section contains 
a statement of three intermediate results: a Hardy-Poincare inequality, a regularity 
result, and a trace theorem. A proof of proof of the Hardy-Poincare type inequality 
in dimensions n = 3 is given in the third section. A sketch of the proof of our main 
result is given in Section This proof is based on the three intermediate results 
mentioned above. The last two intermediate results are particular cases of some 
results proved in £Q, provided that we show that polyhedral domains fit into the 
framework of Lie domains developed in that paper. This is however highly non- 
trivial in higher dimensions and leads to topological and geometric complications 
that will be treated in detail in 0] in the more general framework of curvilinear 
polyhedral domains. 

We thank Bernd Ammann, Ivo Babuska, Wolfgang Dahmen, Alexandru Ionescu, 
and Daniel Tataru for useful discussions. We also thank Johnny Guzman for point- 
ing the reference ^H] to us. The second named author would like to thank Institute 
Henri Poincare in Paris for its hospitality while parts of this work were being com- 
pleted. 

1. Sobolev spaces 

We introduce in this section the Babuska-Kondratiev (or weighted Sobolev) 
spaces JC%($1), /Q(dfi), fx G Z and s G R, for the case when Q is a straight polyhedron 
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(straight polyhedra are defined below by induction). Throughout this paper fi will 
be an open set. Recall that we denoted by r) n -2(x) the distance from a point x £ K™ 
to fit™- 2 ) c OQ, the set of singular boundary points of O. 

Below, by an affine space we shall denote the translation of a subspace of a 
vector space V . We define the concept of a straight polyhedron of dimension n by 
induction. A subset Q of an affine line is a straight polyhedron of dimension 1 if it is 
a finite union of open intervals (bounded or not) on a line such that <90 = <9f2. An 
open subset f2 c V with finitely many connected components of an affine space V 
of dimension n > 2 will be called a straight polyhedron of dimension n if dQ = dQ 
and there exist disjoint straight polyhedra Dj C dil of dimension n — 1 such that 
dVL = iWj. 

The condition d£l = dil is equivalent to the fact that fl is the interior of its 
closure O. This condition is designed to rule out the case when f2 lies of both sides 
of its boundary. To deal with this well as with more general domains, we 

need the concept of a "curvilinear polyhedral domain," which will be discussed in 
0|. A simple example of a polyhedron is the interior of the convex hull of a finite 
set of points in K™, provided that this set is not empty. 

Let fi be a straight polyhedron in an affine space V. For simplicity we shall take 
V = R™. Let / be a continuous function on fi, / > on the interior of fi. We 
define the /^th Sobolev space with weight / (and index a) by 

(3) /C^/fi) = {ue Lf oc (Q), f^- a d a u £ L 2 (fi), for all \a\ < fi} , fi e Z+. 

The norm on /^(fi) is |MI^ /(n) := E W <„ ||/ W - a 9Nli W 

Definition 1.1. We let JC£(fi) = IC^ f (Q) and JC%(dSl) = )C^ f (dft), where / = 
rjn-2 is the distance to fi("~ 2 '. 

For example, /Cg(fi) = L 2 (fi). For fi a polygon in the plane, i] n _2(x) = rio(x) 
is the distance from x to the vertices of fi and the resulting spaces /C^(fi) are the 
spaces introduced by Kondratiev JJj- Let us notice that we define both Sobolev 
spaces /C^(fi) and /C£(dfi) using the same weight function. 

If fi e N = Z+ \ {0}, we define KT£(fi) to be the dual of 

(4) K£ (fi) :=JC:(Sl)n{^| a n=0, j = 0, 1, . . . ,/x - 1} 

with pivot £g(fi). Since C c °°(fi)) is dense in fc£ (fi) by Theorem 3.4 of [T], an 
equivalent definition of the space /CZ„(Q), — /i € N, is as follows. First define for 
any u G C°°(fi) 

(5) ||„|| , -supJ^L, o^eCT(n). 

Then we let K._ a {®) to be the completion of the space of smooth functions u on fi 
that are such that ||tt||£-i ^ < oo. The spaces /C*(<9fi), with s £" Z, are defined by 
complex interpolation. 

The following result can be proved in small dimensions directly using spherical 
or polar coordinates. In higher dimensions, it follows using also the result of PP, 
and it will be dealt with in 0|. 

Proposition 1.2. Let P be a differential operator of order m on ft with smooth 
coefficients. Then P maps /C^(fi) to K,%~m(ty continuously, for any admissible 
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weight h and any fi € Z. Moreover, the resulting family h x Ph x : K,^(fl) — > 
)CaZm(Q) of bounded operators depends continuously on A. 

2. Three intermediate results 

We now state in the three main intermediate results needed for the proof of 
our main result, Theorem lU.il namely, a Hardy-Poincare type inequality (Theorem 
12.11 a regularity result for polyhedra (Theorem 12. 2f> . and a theorem on the general 
properties of the trace map between weighted Sobolev spaces (Theorem 12. 30 . 

Theorem 2.1. There exists a constant > 0, depending only on f2, such that 

IMI/eifn) - K ^ / |Vu(x)| 2 , dx = dx\dx 2 ■ ■ ■ dx n , 

for any function u £ H^ oc (fl) such that u\gfi = 0. 

The regularity result, stated next, is of independent interest. 
Theorem 2.2. Assume that Au G /C^ 1 ^) and u\ dn S /C^+ 1/2 (90), fi E Z +; for 
some u € IC\(fl). Then u G /Ci +1 (fl) and 

(6) NljcH-^n) < ^(ll^llx:^ 1 ^) + IMI/c°(n) + ll»l8n|| K j+V" (ai) )- 

We shall need also the following result on weighted Sobolev spaces, which gener- 
alizes the well known results on Sobolev spaces on domains with smooth boundary. 
Let C,?°(0) be the space of compactly supported functions on the open set f2. 

Theorem 2.3. The restriction C^{Ti \ f^"- 2 ') 3 u -> u\ dn e C^(dfl \ f^"- 2 ') 
extends to a continuous, surjective map 

Moreover, C^ 3 (O) is dense in the kernel of this map if /i = 1 . 

Theorems 12.21 and 12.31 will follow from Theorems 3.4 and 3.7 of PQ, once we 
will have identified our weighted Sobolev spaces on £7 with the Sobolev spaces 
introduced in 1 . This will be done, in the more general setting of curvilinear 
polyhedral domains in g] . The proofs of the quoted results from pQ is to reduce to 
the case of a half-space using a suitable partition of unity. The construction of this 
partition of unity is, in turn, based on the geometric framework of Lie manifolds 
introduced in [2]. 

Let us give only a brief hint of the role of Lie algebras of vector fields (and Lie 
manifolds) in the study of weighted Sobolev spaces on a polyhedron. There exits an 
explicit smooth function on Q such that rn is equivalent to ry„_ 2 (i-e., rn/r/ n _ 2 
is bounded from above and bounded away from 0) and, moreover, r^/C^(£!) = 
JCa +t (tt). This function is constructed as follows. Let go be the Euclidean metric. 
We shall define the metrics gk+i and the functions pk, k > 1, as follows. Let pi~ 
be the distance to the faces of dimension k of fi in the metric gk and let pk be 
a smooth function that coincides with pk when pk is small and otherwise satisfies 
Pfe/2 < pk < Pk- We then let g k +\ = P~k 2 gk- Finally, we define 77„_ 2 = p pi . . . p n -2- 
The vector fields that we are interested are of the form f(x)rnX, where X is a 
vector field on a neighborhood of 11 and / is a function that is smooth in suitable 
generalized spherical coordinates. The set of such vector fields is closed under the 
Lie bracket of vector fields. See 0] for more details. 
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3. A POINCARE TYPE INEQUALITY 

The rest of this section is devoted to a proof of the Hardy-Poincare type in- 
equality stated in Theorem 12.11 in dimension is n = 3. A proof by induction for 
arbitrary n is included in That proof requires, however, the use of curvilinear 
polyhedral domains on the unit sphere, which explains why it is convenient to use 
domains more general than the straight polyheral ones in higher dimensions. 

3.1. Proof of the Hardy Poincare type inequality for n = 3. The idea of the 
proof is to cover the domain O with open sets C on which the integration simplifies 
and we can use the usual Poincare inequality. Then we add the corresponding 
inequalities. 

We shall write dV = dxdydz for the volume element. Note that ?7„_2 = ?7i, since 
we have fixed our dimension. 

Let us consider the apparently weaker inequality 

(7) \\u\\lo f r) ■= f ^fll dx<C [ \Vu(x)\ 2 dx, u = on C n dVt. 
l{ ' Jc Vi(x) 2 Jc 

For C — f2, as in the case of smooth bounded domains, this inequality is immediately 
seen to be equivalent to our result. Hence we shall concentrate on proving this 
inequality for suitable C, including C = fi. In fact, the proof of our inequality for 
C = £1 will be obtained by adding certain analogues of the inequality Q) for suitable 
domains C. 

Assume that u is a smooth function on with u\gn = 0. We further consider 
two small enough positive numbers e > 6 > 0, depending only on fi, such that the 
following three properties are satisfied: 

1. For any edge e of f2, we consider the right cylindrical domain Cil e of radius 8 
whose axis of symmetry is the line containing the edge e and whose bases intersect 
e at distance e from its two vertices. (These two basis are orthogonal to e, by 
assumption.) We assume that e and S were chosen small enough so that the domain 
Q e = il n Cil e can be characterized, in suitable cylindrical coordinates, by 

n e = {(r, 0, z)\ < r < r e , < 6 < e , < z < z e := |e| - 2e}, 

where |e| is the length of the edge e, and r/i = r on fl e . In these cylindrical 
coordinates, the edge e is on the z-axis (in particular, r — on e). 

2. For any vertex v and any edge e containing v, we consider the right conical 
domain Con v ^ e with vertex v and base the same with one of the bases of Cil e (the 
one which closer to the vertex v) and whose symmetry axis is the line containing 
the edge e. We assume that e and 8 were chosen small enough so that domain 
f2„ e = Q n Con. Uje can be characterized in cylindrical coordinates by 

c 

n„. e = {(r,0,z)\ 0<r<z /o 0<e<9 e , < z < e} 

ye + o 

and rji = r on f2„ ie . 3. Let B(v,t) be the open ball of radius t centered at v. For 
any vertex v of fl, the domain Q v = fin B(v, 2e) can be characterized in (suitable) 
spherical coordinates centered at v by 

&>v = {(p,u)\0 < p < 2e, lj e oJv}, 

where B(v,r) is the three dimensional ball centered at v and of radius r, u> v is a 
"polygonal region" on the unit sphere S 2 C i? 2 , and p = corresponds to v. 
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We shall now prove JJJ) for C one of the domains fl e or Q v<e . We need to stress 
at this poin the crucial importance of the relation 771 = r on these domains. 

Let W a be the angle < r < a and < a. Let us next prove first the inequality 
10 when C = f2 e , that is, when C is the cylindrical domain described in cylindrical 
coordinates (r, 8, z) as C := Wa x (0, z e ), with a = a e and a = 6> e as above. 

Let us consider first a smooth function v on W e such that u(r, 0) = v(r, a) = 0. 
We then have the one-dimensional Poincare inequality 



(8) / M 2 dB < £ / |£>H 2 d0. 

JO W e Jo 

By integrating in polar coordinates we obtain 

(9) / ^dxdy=( W-WkE.! H^W 

J\V a r Jw a r ®e Jw a \ r J 

We now claim that any u G C°°(C) satisfying u(r, 0, z) = is such that 



(10) 



/ l -^dV < I I \Vu{x)\*dV < f / |V«(s)|W. 



Indeed, using Equation © and the formula for the |Vu| in cylindrical coordinates, 
we get 



-2 



JW a r "6 JO JW a 

|2 



<^T r I + r\d p u\ 2 + r\d z u\ 2 ) drdOdz = £ / |V U (x)|W. 

#e Jo iff. V r J °e Jc 

If C = f2„,e, then the proof proceeds exactly in the same way, except that we 
replace W a in the integrals of the last equation with W za . 

Now, if C = Cl v , we proceed as in Equation JSJ, using also the formula 

(11) |Vu| 2 = u 2 p + \u 2 + 1 uj 

1 p z p 2 sin ep 

and the relation 

J \u\ 2 dS<C v J (ul + -r sin <pdct>d0 = C v J |V ( ^ )U | 2 dS, 

which is nothing but the usual Poincare's inequality on u> v (dS is the volume element 
on uo v ). We then obtain [C = fly) 

(12) / ^dV =11 \u\ 2 dSdp <C V f [ (u 2 + -A-7i4) dSdp 
Jc P Jo J Uv Jo Ju> v V sm' J 

-^uU P 2 dSdp = C v [ \Vu{x)\ 2 dV. 
3m (j) J Jc 



2e r / ! 



< a / / Up + — "I + — . 

Jo Ju, v V P p 2 sm" 
Adding the inequalities I|1U|I for all C = fi e and all C = Q v>e , the inequalities 112|) 
for all C = il v , and the usual Poincare inequality, J n \u\ 2 dV < C f n \ Wu(x)\ 2 dV , 
we obtain 



f h\u\ 2 dV < C [ \Vu{x)\ 2 dV, 
Jn Jn 



where h(x) is a sum of 1 and terms of the form r 2 , p 2 . There will be one term 
r~ 2 each time when x £ fl e or x £ £l v ,e and one term p~ 2 each time when i£fl„. 
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Therefore ft > CV~ 2 on f2 e and on fi„ ie , ft > Cp~ 2 > Cr~ 2 on fi„ and outside all of 
fi e Ufl„ )e , and, finally, ft > 1 > CY~ 2 outside of n e UO W)e UO w . Therefore ft > CV~ 2 
on ifte whole of fl. This completes the proof of our inequality for u smooth. By 
a standard density argument, we obtain the desired result J7J) for all functions in 

4. Proof of the main result 

In this section, we prove our main result, Theorem lO.il assuming the intermediate 
results stated in the previous sections. We shall follow the pattern of proof from 
First, let us notice that Theorem 12 . 31 allows us to reduce the proof to the case 
when g — 0. 

Recall the function tq introduced at the end of Section We can check directly 
that r^Ar^ A depends continuously on A and that r^/C^fi) = ZC^ +t (fi) (see ^ for 
details in the case of higher dimensions) . This allows us to reduce the proof to the 
case a = 0, as in 

We shall denote by :— J Q u(x)v(x)dx the (real) inner product on L 2 (VL). 

Let TC C IC\(n) be the subspace consisting of the functions u S IC\(il) such that 
u = on dCl. Thus Ji is the kernel of the trace map 

Hardy-Poincare inequality fTheorem l2.1|) then gives the following inequality 

n 

B(u,u) := (Au,u) = Y {djU'dju) > e \\u\\ 2 K i {n) , 
j=i 

for any u € H.. In particular, B defines a continuous, bilinear, coercive form on 
Ti. The assumptions of the Lax-Milgram lemma are therefore satisfied, and hence 
A : TL — > TL* = /CzJ(f2) is an isomorphism (by this we understand that A is 
continuous with continuous inverse), by the definition of negative order Sobolev 
spaces on VL. This proves the result for /i = 0. 

We now prove the result for an arbitrary /i G Z + . Theorem 12.21 and the result 
we have just proved for /i = give that the map 

(13) A:/C^ +2 (n)n{u| af2 = 0}^/Cl 1 (O) 

is surjective. Since this map is also continuous fProposition ll.2|) and injective (from 
the case fi = 0), it is an isomorphism by the open mapping theorem. The proof is 
now complete. 
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